For an equation or system of equations Lu = 0, where L is a uniformly elliptic operator of order 2m and u is a map from ‫ޒ‬ n to ‫ޒ‬ N , we prove that the dimension of the space of polynomial growth solutions of degree at most d is bounded by C d 2mnN , where C is a constant. If the system is in divergence form, we prove that this dimension is in fact bounded by C d mnN .
Introduction
We consider an equation or a system of equations of the form
where L is a uniformly elliptic operator of order 2m, with m > 1, defined on ‫ޒ‬ n . We want to estimate the dimension of the following space of solutions to Lu = 0. the space of polynomial growth solutions of degree at most d, where r p (x) is the Euclidean distance from a fixed point p to x in ‫ޒ‬ n . We denote the dimension of
When L = is the Laplacian, this subject has been studied extensively for a variety of open manifolds M (meaning noncompact and without boundary). Let n be the dimension of M. Yau conjectured that h d (M) < ∞ for all d ≥ 1. For M = ‫ޒ‬ n this is easy to see; in fact h d ‫ޒ(‬ n ) equals Yau's conjecture was partially confirmed for the case d = 1 by Li and Tam [1989] , who proved that under the same conditions, if the volume growth of M satisfies V p (r ) = O(r k p ) for some k > 0, then
The conjecture was then proved in full by Colding and Minicozzi [1997] , who showed that for a complete open manifold M of nonnegative Ricci curvature, there exists C > 0 depending only on the dimension n and such that
In view of the formula (0-1) for h d ‫ޒ(‬ n ), this estimate is sharp in the order of d as d → ∞. 
Later Li and Wang [1999a] showed that the finiteness of h d (M) is actually valid in a much bigger class of manifolds. In particular, they proved that if M satisfies a weak mean value inequality and has polynomial volume growth, then h d (M) must be finite for all d ≥ 1. However, in this case, the estimate on
Recently, Li and Wang [1999b] showed that if M is a complete manifold satisfying the Sobolev inequality (B, ν), the space Ᏼ d (M) is finite-dimensional, and its dimension h d satisfies
and the equality
In this note we extend some of the preceding results to higher-order operators. To simplify the presentation, we restrict ourselves to Euclidean space. So we assume that L is of higher order 2m with m > 1 and try to estimate h
In Section 1 we show that if Lu = 0 is a uniformly elliptic equation or a uniformly elliptic system of equations of order 2m in nondivergence form, then
where N is the number of equations in the system Lu = 0. In Section 2 we consider the case where Lu = 0 is a uniformly elliptic equation or a uniformly elliptic system of equations of order 2m in divergence form. Then
where N is the number of equations in the system Lu = 0.
Equations in nondivergence form
In Euclidean space ‫ޒ‬ n with rectangular coordinates x 1 , . . . , x n , we consider the differential operator
where α = (α 1 , . . . , α n ) ∈ ‫ގ‬ n , |α| = α 1 + · · · + α n , and
Throughout the section, we impose the following condition on the operator L.
Condition L. The coefficients a α in the equation Lu = 0 are uniformly continuous and satisfy the uniform ellipticity condition; that is, there exists a constant > 0 such that
for all x, ∈ ‫ޒ‬ n .
The assumptions imply that there exists a constant C > 0 such that, for any function w ∈ C ∞ c ‫ޒ(‬ n ), et al. 1959; 1964] ). We establish some preliminary lemmas before we prove our first main result.
Lemma 1.1 [Li and Wang 1999b] . Let V be a k-dimensional subspace of a vector space W . Assume that W is endowed with an inner product I and a bilinear form . Then for any given linearly independent set of vectors {w 1 , . . . , w k−1 } ⊂ W , there exists an orthonormal basis {v 1 , . . . , v k } of V with respect to I such that
Let φ be a positive function defined on a fixed geodesic ball B p (r ). We introduce two inner products I r and r on the space
For i = 1, 2, . . . , let λ i (r ) be the i-th Dirichlet eigenvalue of B p (r ) arranged in nondecreasing order.
For any fixed number θ > 1, let tr I θr I r (V ) denote the trace of the bilinear form I r with respect to the inner product I θr on V . Then
where C 8 is a constant.
, and
for some constant C = C(n, m), and 1 ≤ j ≤ 2m. By unique continuation,
is a k-dimensional subspace. Applying Lemma 1.1 with w 1 , . . . , w k the Dirichlet eigenfunctions of B p (θr ) corresponding to the eigenvalues λ 1 (θr ), . . . , λ k (θr ), we get an orthonormal basis {v 1 , . . . , v k } of V with respect to the inner product Iθ r and
Hence,
where C 1 and C 2 are constants.
Let
for some constantC =C(n, m), and 1 ≤ j ≤ 2m. Note that
Introduce the weighted seminorms
In terms of these seminorms, (1-2) implies that
For each 1 ≤ k ≤ 2m − 1, we apply an interpolation inequality to get
for any > 0, where C(k) is a constant. Putting (1-4) into (1-3), and arranging > 0 to be small, we conclude that 2m ≤ C 6 0 . In particular, we have
Therefore,
(1-5)
where we have set j = (θ − 1) 4m−2 j r 4m−2 j . Substituting (1-5) into (1-1), we get
Lemma 1.3 [Li 1997 ]. Let K be a k-dimensional linear space of functions defined on ‫ޒ‬ n . Suppose that each function u ∈ K is of polynomial growth of at most degree d. Then for any θ > 1, δ > 0, and r 0 > 0, there exists r > r 0 such that if
is an orthonormal basis of K with respect to the inner product
Proof. We reproduce Li's argument. Let tr ρ I r denote the trace of the bilinear form I r with respect to I ρ , and let det ρ I r be the determinant of I r with respect to I ρ . Assume that the lemma is false. Then, for r > r 0 , we have tr θr I r < kθ −(2d+n+δ) .
The arithmetic-geometric mean inequality asserts that
This implies that det θr I r ≤ θ
for all r > r 0 . Setting r = r 0 + 1 and iterating the inequality j times yields
(1-6) det θ j r I r ≤ θ − jk(2d+n+δ) .
However, for a fixed I r -orthonormal basis {u i } k i=1 of K , the assumption on K implies that there exists a constant C > 0, depending on K , such that
for all 1 ≤ i ≤ k. In particular, this implies that
This contradicts (1-6) as j → ∞.
for all d ≥ 1, where C 10 is a constant.
Proof. It is well known that the k-th Dirichlet eigenvalue of B p (r ) ⊂ ‫ޒ‬ n satisfies
for all k and r > 0, where C is a constant depending only on n. In particular,
Lemma 1.3 yields that for any
Applying Lemma 1.2, we conclude that
Consider the system of partial differential equations
where i = 1, . . . , N , and u = (u 1 , . . . , u N ) : ‫ޒ‬ n → ‫ޒ‬ N .
Condition ᏸ. The coefficient matrix a α i j (x) is uniformly continuous and satisfies the ellipticity condition that there exists a constant > 0 such that
for all x, ∈ ‫ޒ‬ n , and η ∈ ‫ޒ‬ N .
Definition 1.5. For each nonnegative number d we denote by
the space of polynomial growth ᏸ-harmonic functions of degree at most d.
By modifying our previous argument, we have the following theorem.
Theorem 1.6. Assume that Condition ᏸ holds. Then the space Ᏼ ᏸ d ‫ޒ(‬ n ) is finitedimensional, and its dimension h
for all d ≥ 1, where C 11 is a constant.
Equations in divergence form
In this section, we consider the differential equation
on ‫ޒ‬ n . We assume that the coefficients of L satisfy the following condition.
Condition L d . The coefficients a αβ are measurable, bounded, and there exists a constant δ 0 > 0 such that for all u ∈ ‫ވ‬ m 0 ‫ޒ(‬ n ),
It is easy to see that if L satisfies the uniform ellipticity condition (meaning that
For any fixed number θ > 1, let tr I θr I r (V ) denote the trace of the bilinear form I r with respect to the inner product I θr on V . Then for any fixed integer m, we have
where C 20 is a constant.
for some constant C = C(n, m), and 1 ≤ j ≤ m. Observe that by unique con-
Applying Lemma 1.1, with w 1 , . . . , w k the Dirichlet eigenfunctions of B p (θr ) corresponding to the eigenvalues λ 1 (θr ), . . . , λ k (θr ), we get an orthonormal basis {v 1 , . . . , v k } of V with respect to the inner product Iθ r , and
Let η ∈ C m 0 B p (θr ) be a nonnegative function defined on B p (θr ) satisfying η = 1 on B p (θr ), 0 ≤ η ≤ 1, η = 0 on ∂ B p (θr ), and
for some constantC =C(n, m), and 1 ≤ j ≤ 2m. Note that (2-2)
where we have used the Gårding inequality from the first to the second line, and inserted the term ᏽ(v i , η 2 v i ) = 0 into the last equality. For any 1 > 0, we have
Choosing 1 to be sufficiently small and substituting this estimate and (2-3) into (2-2), we get (2-4)
In terms of the weighted seminorms
Equation (2-4) can be written into
For each 1 ≤ k ≤ 2m − 1, we have the interpolation inequality
for any > 0. Thus, by substituting (2-6) into (2-5), with a properly chosen , we get m ≤ C 18 0 . In particular, we conclude that
where j = (θ − 1) 2m−2 j r 2m−2 j . Substituting this inequality into (2-1), we get
Now the next theorem may be proved in a similar fashion to Theorem 1.4 by using Lemmas 1.3 and 2.1. for all x, ∈ ‫ޒ‬ n , and η ∈ ‫ޒ‬ N , then Condition ᏸ d holds. 
